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LOGIC ANALYSIS

The first step in the analysis is to make sure that the given circuit is combinational
and not sequential. The diagram of a combinational circuit has logic gates with no
feedback or storage elements. A feedback path exists if, from the output of a gate,
an input of the same gate can be reached via a path of interconnections or gates.
Feedback paths or storage elements in a digital circuit may result in a sequential
circuit and must be analyzed by using procedures outlined in Chapter 6.

Once the logic diagram is verified to be that of a combinational circuit, one
can proceed to obtain the output Boolean functions or the truth table. If the func-
tion of the circuit is to be investigated, then it is necessary to interpret how the cir-
cuit operates from the derived Boolean functions or truth table. The success of
such an investigation is enhanced if one has previous experience and familiarity
with a wide variety of digital circuits. 

Derivation of Boolean Functions
To obtain the output Boolean functions from a logic diagram, proceed as follows: 

1. Label all gate outputs that are a function only of input variables or their com-
plements with distinct, arbitrary variables. Determine the Boolean function
for each gate output.
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2. Label the gates that are a function of input variables and previously labeled
gate output variables with distinct, arbitrary variables. Find the Boolean func-
tions for the output variables of these gates.

3. Repeat the process in step 2 until the outputs of the circuit are obtained in
terms of the inputs. 

• EXAMPLE 1 Derivation of Boolean Function from a Logic Diagram

The analysis of the combinational circuit of Figure 1 illustrates this procedure.
Note that the circuit has four binary input variables A, B, C, and D and two binary
output variables F1 and F2 . The outputs of the various gates are labeled with inter-
mediate variables. The outputs of gates that are a function of input variables only
are T1 and T2. The Boolean functions for these two outputs are

Next, we consider the output variables of gates that depend on gate output
variables with Boolean functions defined:

Finally, the Boolean functions for the outputs are
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FIGURE 1
Logic Diagram for Analysis Example

T1 BC=

T2 AB=

T3 A T1+ A BC+= =

T4 T2 D⊕ AB( ) D⊕ ABD AD BD+ += = =

F2 T2 D+ AB D+= =

F2 AB D+=

F1 T3 T4+ A BC ABD AD BD+ + + += =

A= BC BD BD+ + +
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The last simplification for F1 can be performed by algebraic manipulation or
by means of a map. 

If the circuit to be analyzed is designed hierarchically, the diagrams for the
lowest level block instances are analyzed first, those for block instances in the next
level up are analyzed next, and so on, until Boolean equations are obtained for all
outputs. 

Derivation of the Truth Table
If the output Boolean functions are available in sum-of-products form, the deriva-
tion of the truth table is straightforward:

1. Determine the number of input variables in the circuit. For n inputs, list the
binary numbers from 0 to 2n 2 1 in the input part of the table. Label the top of
the input columns with the input variables and the top of the output columns
with the output variables.

2, For a given output function, place 1’s in the truth table in the rows corre-
sponding to each of the product terms. For example, for a function F(A,B,C,
D) with product term AC, enter 1’s in all rows of the column for output F for
which the column for input A contains 1 and the column for input C contains
a 0. 

3. Repeat for each product term in all of the output Boolean functions. 
4. Fill in the remaining vacant truth table entries with 0’s. 

• EXAMPLE 2 Derivation of Truth Table from a Logic Diagram

The foregoing procedure can be illustrated by using the binary adder in Figure 2.
The problem here is to verify that the circuit forms the arithmetic sum of the three
bits at inputs X, Y, and Z. The output pair (C, S) ranges in value from binary 00 to
11 (decimal 3), depending on the number of 1’s in the inputs. For example, when
(X, Y, Z) � 101, (C, S) must be equal to binary 10 to indicate that there are two 1’s
on the inputs.

FIGURE 2
Logic Diagram for Binary Adder
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Finding the output Boolean functions, 

Note that these equations were developed without using intermediate variables.
The truth table for this circuit with three inputs X, Y, and Z and two outputs S and
C appears as Table 1 with the eight input combinations for X, Y, and Z shown. The
column for output C can be formed by entering 1’s for each of the product terms of
C. For example, for XY, 1’s are entered in rows 110 and 111. Likewise, the column
for output S can be formed by entering 1’s in rows 111, 100, 010, and 001. Filling of
the remaining table cells with 0’s completes the truth table.

Inspection of the truth table reveals that (C, S) � 00, 01, 10, or 11 when the
total number of 1’s on the three inputs X, Y, and Z is either zero, one, two, or three,
respectively. This verifies the operation of the circuit as a binary adder. Note that the
process of finding the output Boolean function for S was quite complex. Some of this
complexity can be avoided by finding equations for parts of the circuit and then com-
bining these equations in forming the truth table. For the binary adder example, the
equation for C can be found as before and then the equation for S, using C as a vari-
able, can be found as well. The resulting sum-of-product equations are:

Returning to Table 1, the equation for C can be evaluated as before. Instead of
evaluating S based on X, Y, and Z, S is evaluated using X, Y, Z, and C. This makes

TABLE 1
Truth Table for Binary Adder

X Y Z C T1 T2 T3 S

0
0
0
0
1
1
1
1

0
0
1
1
0
0
1
1

0
1
0
1
0
1
0
1

0
0
0
1
0
1
1
1

1
1
1
0
1
0
0
0

0
0
0
0
0
0
0
1

0
1
1
1
1
1
1
1

0
1
1
0
1
0
0
0

0
1
1
0
1
0
0
1

C X Y Z, ,( ) XY XZ YZ+ +=

S X Y Z, ,( ) XYZ X Y Z+ +( )C+=

XYZ X Y Z+ +( ) X Y+( ) X Z+( ) Y Z+( )+=

XYZ X Y Z+ +( ) XY XZ YZ+ +( )+=

XYZ XYZ XYZ XYZ+ + +=

C X Y Z, ,( ) XY XZ YZ+ +=

S X Y Z C, , ,( ) XYZ X Y Z+ +( )C+=

XYZ XC YC ZC+ + +=

C
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effective use of the truth table values already developed for C and avoids the com-
plex algebraic manipulation involved in finding the equation for S.

In the previous example, C was an output and so the intermediate variable
for the equations used had already been defined. In general, in finding equations
and truth tables, intermediate variables can be placed at any point that simplifies
the analysis required. Overuse of these variables, such as placing one on the output
of every gate, while systematic, complicates the analysis effort. 

Next, we illustrate a procedure that permits us to minimize the number of
intermediate variables and to avoid numerous applications of DeMorgan’s theo-
rems when NAND and/or NOR gates are present.

Boolean Equations for NAND and NOR Circuits
We consider analyzing circuits containing all types of gates including NAND and
NOR gates. The analysis could be done in a very straightforward way by writing
the NAND and NOR functions for n inputs in the equation you are developing as
follows 

After doing this, a very complex equation often results that requires many tedious,
successive applications of DeMorgan’s theorem. To avoid this, we introduce alter-
nate symbols for NAND, NOR and NOT gates shown in Figure 3. The alternate
NOT-OR symbol for the NAND gate in Figure 3(b) is obtained by applying
DeMorgan’s theorem to the Boolean expression corresponding to the AND-NOT
symbol for the NAND gate in Figure 3(a) and then converting the result back to
symbolic form. The same procedure is applied to the OR-NOT symbol for the
NOR in Figure 3(c) to obtained the NOT-AND symbol in Figure 3(d). Likewise,
by treating the buffer in the NOT gate as Out = In and the bubble as Out = In, the
bubble can be moved from the output of the buffer to the input of the buffer in
Figure 3(e) without changing the overall function. 

NAND x1 x2 … xn,,,( ) x1 x2 … xn⋅ ⋅ ⋅=

NOR x1 x2 … xn,,,( ) x1 x2 … xn+ + +=

(a) AND - NOT

Y ••
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Z
XYZ

••X X

(b) NOT – OR
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•• XX

(e) NOTOO

•••••••••
X + Y + Z = XYZ

(c) OR - NOT

Y
X

Z
XYZ =

(d) NOT – AND

Y
X

Z
X + Y + Z X + Y + Z••

FIGURE 3
Alternative Symbols for NAND, NOR and NOT gates
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By selectively replacing the original symbols with their alternates, we can
manipulate the logic diagram to eliminate as many of the NOT operations, i.e.,
bubbles and inverters, as possible. Once this is done, most of the tedious applica-
tions of DeMorgan’s theorem can be avoided, reducing greatly the effort required
to simplify the equation. Elimination of bubbles is achieved by using alternate
symbols in such a way that bubbles and inverters cancel by application of involu-
tion,

Bubble elimination proceeds from the circuit outputs to the circuit inputs. The out-
put gate (or gates) are level 1 and symbol replacement is used to eliminate output
inversion. After all level 1 gates are processed, we proceed to processing succes-
sively higher levels using symbol replacement to match bubbles and inverters. A
given gate is not processed until all gates connected to its output have been pro-
cessed. After all gates have been processed, we attempt to eliminate as many bub-
bles as possible. If a bubble is removed from an output, then the bubbling of all
inputs it drives must be changed, i.e. if an input has a bubble, the bubble is
removed, and if an input does not have a bubble, a bubble is added. This is essen-
tial to keep the circuit function unchanged. This may produce some buffers without
bubbles or with two bubbles that can be removed, completing the transformation.
After the transformation, we treat any inverters or bubbles remaining as NOT
operations in forming the equation. 

• EXAMPLE 3 Derivation of Boolean Equation from a Logic Diagram with 
Mixed Gate Types

Figure 4 gives an example that illustrates the logic diagram transformation. Figure
4 (a) contains the original logic diagram. Beginning at output F, to eliminate the
inversion on the output, gate 1 is replaced with its alternate symbol in Figure 4(b).
Since the bubble between gate 1 and gates 2, 3, and 4 will cancel, we move on to

X X=

FIGURE 4
Gate Transformation and Bubble Cancellation in Logic Circuit Analysis
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gate 5. Again, to eliminate the inversion on its output, we replace gate 5 with its
alternate symbol in Figure 4(c). We now can cancel out bubble pairs between gates
2 and 1, 3 and 1, 4 and 1, and 7 and 5. Since the output of gate 7 and the input of
one of the two gates it drives have bubbles, we remove the bubble from the output
of 7 and from the input to 5 and add a bubble to the input of gate 4. This completes
the transformations giving Figure 4(d). From the resulting circuit, we can write and
simplify the equation:

This same procedure could be applied to a circuit containing other gate types with
the transformations confined to the areas with NAND and/or NOR gates. 

REFERENCES
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PROBLEMS

1. Determine the Boolean functions for outputs F and G as a function of the
four inputs in the circuit in Figure 5. Place variables on the outputs of all
gates.

2. Determine the truth table for the circuit in Figure 6. Place variables on the
outputs of all gates.

F C AB( ) A B+( )D C AB( ) A B+( ) D A B++ + +=

ABC D AB                                               + +=

FIGURE 5
Circuit for Problem 1
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FIGURE 6
Circuit for Problem 2
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3. Repeat problem 1 using F and variable T1 on the output of the inverter as
the only intermediate variables.

4. Obtain the truth table for output F for the NAND circuit in Figure 7 by
using the procedure illustrated in Figure 4.

5. Obtain the Boolean equations for F and G for the NAND circuit in Figure 8
by using the procedure illustrated in Figure 4.

6. Obtain the Boolean equations for P and Q for the NAND/NOR circuit in
Figure 9 by using the procedure illustrated in Figure 4.
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FIGURE 7
Circuit for Problem 4

FIGURE 8
Circuit for Problem 5
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FIGURE 9
Circuit for Problem 5

FA

B
C
D

G

8



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


